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Introduction
In mechanics and material science, recent advances in image processing techniques have permitted direct use of high resolution tomographic images as input data of material internal microstructures for various purposes [1] [2] [3] [4] [5] [6] [7] . We mention in particular the voxel-based finite element methods (FEMs) initially motivated in biomechanics [8, 9] and then applied to homogenization of composite materials [10] [11] [12] as well as identification of heterogeneous media like concrete [13, 14] . The basic idea behind these methods is to convert image processing results into a geometric model such that each voxel is used as an element. In other words, the mesh for finite element analyses arises directly from imaging results [15, 16] . However, structure data yielded from microtomographic techniques usually contain a very large number of material grids points, up to 1024 3 or 2048 3 . Accordingly, the global stiffness matrix generated for finite element analyses is usually too large in dimension to be decomposed efficiently for fine models. In addition, the complexity increases when material phases exhibit nonlinear dissipative behaviors such as damage growth and inelastic deformation. In that case, computational cost may become unacceptable.
In order to improve computational efficiency, iterative numerical methods have been intensively exploited during recent years and widely applied to various multi-phase problems. We first mention the fast Fourier transform (FFT)-based iterative method developed for problems with complex microstructure [17] [18] [19] . In that framework, the solution to a heterogeneous linear or nonlinear problem can be found approximately after a series of Fourier and inverse
Fourier transformation over physical fields, using the Lippmann-Schwinger form of the balance equations. In the same context, Yvonnet [20] recently developed a fast iterative scheme also based on the Lippmann-Schwinger equation
(named therein as the SLS) but strictly and directly operating in the real space, in which local variables are determined by mapping through a relevant transformation array derived numerically from the associated characteristic problems.
The FFT methods have been applied successfully to deal with purely elastic or elastoplastic behaviors of composites under periodic boundary conditions [17, 18, 21, 22] , while the SLS method [20] has been applied so far only to linear problems. When compared to the standard finite element methods, the schemes based on the periodic LippmannSchwinger equation have evidenced the following attractive advantages.
• Discrete variables (e.g., strains, temperature) involved at material grids are computed iteratively by repeating the mapping operation with a same transformation array. This salient feature is particularly favorable for parallel programming;
• These schemes avoid completely the assembly and storage of finite element matrices and thus there is no need to solve large sparse linear systems of equations that inevitably arise in FE analyses. Therefore, computational cost and memory requirement in the Lippmann-Schwinger equation-based iterative methods are reduced significantly.
• For problems with specific boundary conditions, such as periodic ones, global stiffness matrix generated in the FEM is not positively definite, which renders, to some extent, difficulties in the numerical treatment, especially when problems to be solved are in large dimensions. On the contrary, methods based on Lippmann-Schwinger iterative schemes such as FFT [20] and SLS [17] are more robust in that case, as shown in the present work.
Although significant advances have been achieved, few efforts in the field have been dedicated so far to voxel-based modeling of material deterioration and strain softening induced by damage growth [23] . Indeed, unlike linear elastic or elastoplastic problems, materials suffering progressive damage can experience strongly nonlinear behaviors, including both strain hardening and softening phases. In order to capture the non-linearity of mechanical responses, external load is usually applied incrementally. Moreover, aiming at efficient implementations, constitutive equations are popularly cast into its rate (incremental) form in which a tangential operator is involved. Noticing that the abovementioned iterative schemes are implemented directly in the non-incremental form, there is a practical need to develop an increment-enhanced iterative scheme so as to coincide with the requirement by nonlinear problems.
The objective of this work is to construct an incremental-iterative scheme for image-based modelling of damage evolution in heterogeneous quasi-brittle microstructures. For this purpose, we develop in Section 2 the proposed scheme for nonlinear materials, whose general form can be applied either to Fourier (FFT) or real-space (SLS)
Lippmann-Schwinger-based iterative schemes. Next, the scheme is particularized to the SLS method, i.e. the application of Lippmann-Schwinger iterative scheme in the real-space. In Section 3, the scheme is derived for heterogeneous damageable materials. For this purpose, a simple isotropic tensile damage model is formulated and the related numerical implementation details are provided. Section 4 is dedicated to validating the proposed incremental-iterative scheme by means of benchmark problems and voxel-based concrete microstructure problems obtained from microtomography images. For each test, the SLS-and FEM-based numerical predictions are compared in terms of global and local responses, as well as in term of computational efficiency.
2. Formulation of the incremental-iterative scheme for nonlinear heterogeneous problems
Incremental form of elastic damage problems
We consider a representative volume element (RVE) with the domain Ω ⊂ R D , D being the space dimension.
The RVE is associated with the microstructure of a composite consisting of r ∈ {1, 2, ..., N} homogeneous phases, occupying subdomains denoted by Ω (r) . The interfaces between the phases are taken to be perfect for the sake of simplicity. As usually performed in micromechanics, the volume average over Ω is symbolized as · Ω . Thus, the macroscopic (or overall) strain and stress tensors, denoted respectively byε andσ, are defined as the volume average of the microscopic (or local) counterparts ε (x) and σ (x)
The problem to be solved is such that for a given strainε, we determine the local strain solution ε (x) and the corresponding stress field σ (x) as well as the overall macroscopic responseσ. In that process, the following conditions must be satisfied
When taking into account damage effects for some phases of the RVE, the local constitutive equation in elastic damage regime can be written in the general form
is a scalar-valued damage variable used to describe any isotropic damage state at material point x and C (d (x)) represents the fourth-order elasticity tensor of the damaged material. Differentiation of σ (x) with respect to the variables ε and d giveṡ
where C (d (x)) denotes the differentiation of C (d (x)) with respect to the damage variable. It is known that in the classical Continuum Damage Mechanics,ḋ (x) can be related linearly to the strain rateε (x) [24] . The following rate form of the constitutive equation is finally obtaineḋ
where
) is the associated tangential stiffness operator.
Based on the above formulations, an alternative balance equation in rate form is achieved
In this work, we propose an incremental -iterative scheme to solve the nonlinear microscopic problem of damage evolution using the rate form (5) in tandem with a Lippmann-Schwinger iterative scheme. Remark that the above derivation procedure is also suitable for other nonlinear material models, such as elastoplastic models, coupled plasticitydamage models.
Incremental-iterative scheme of Lippman-Schwinger type
In this section, we develop an increment-enhanced iterative scheme for nonlinear problems in heterogeneous materials. The proposed method is based on the Lippman-Schwinger equation in terms of a stress increment.
Let first introduce the time-stepping T = [0, t 1 , t 2 , ..., t n , t n+1 , ..., T ] with t n = t n − t n−1 being the n th time interval and T final simulation time. Given ε n (x), d n (x) and σ n (x) at the beginning of time t n+1 , the aim is to find the new increments ε n+1 (x) and d n+1 (x) and to update the variables ε
The stress field can then be approximated by applying Eq. (4):
Then, the stress increment is expressed by
Using Eq. (5), the following equilibrating equation in terms of the stress increment can be expressed as:
Above, the increment index has been eliminated for the sake of clarity. We then define a fluctuation field ε (x)
as the difference ε (x) = ε (x) − ε, which in turn allows to reformulate the field of strain increments as a sum of two terms
Further, by introducing a uniform reference material with elasticity tensor C 0 to rewrite
It has been shown that the solution to problem (10) can be expressed as a convolution product [17] ε
with Γ 0 being the associated Green operator. Substitution of Eq. (9) into Eq. (11) gives the relation
It is then possible to construct the following iteration
where r denotes the iteration index varying individually in each strain increment. Further, by making use of the property
The following incremental-iterative scheme is finally achieved
with
It is noted that the scheme (15) should start from the uniform strain increment ε applied to periodic boundaries.
Remark that the above incremental formulations can be straightforwardly solved using the FFT method [17] by evaluating the convolution product Γ 0 * σ n (x) in the Fourier space and applying an inverse Fourier transformation to evaluate the constitutive relation C tan (x) : ε (x). In this work, we propose to use the framework developed in [20] where the convolution product is evaluated in the real space only through a transformation array.
Numerical discretization
Let us consider a material structure model containing n g grids. Since the initial problem has been linearized, δε (x) in Eq. ( 16) can be evaluated by applying the principle of superposition, that is to say that for a material grid located at
x ∈ Ω, the correction δε (x) to ε (x) can be calculated by taking into account the contribution by stress increments at all material grids under consideration. For this purpose, one can perform the following discretization [20] ,
where ψ i j,k is a strain transformation (basis) matrix, which in fact plays the role of weighting coefficients in computing the convolution product. The determination of ψ i j,k consists in solving a boundary value eigenstress problems in a small subdomain Ω * around one voxel x p in a homogeneous reference medium. The value range of the subscript k in ψ i j,k depends on the problem to be handled. Precisely, k ranges from 1 to 3 for 2D problems and ranges from 1 to 6 for 3D problems.
For example, in the 2D case, there exists the following decomposition upon any plane stress increment σ (
from which is derived three bases common to all local stresses measured at material grids
When adopting the notations
the basis S k will be related to the respective stress components σ k , k = 1, 2, 3.
Furthermore, as the reference medium is homogeneous, and assumed to be isotropic, the transformation matrix ψ i j,3 associated with the basis S 3 can be derived from ψ i j,1 by a simple rotation. Thus, in order to construct the transformation array ψ i j,k , we only need to solve the following two characteristic problems
When boundary conditions are such that ψ ,k (x) = 0, it is proved that problem (21) is equivalent to the following
where Ω * is a small domain surrounding a pixel x p . The problem (22) is solved over Ω * with zero Dirichlet boundary conditions prescribed in the boundary of Ω * . For more details on the relevant weak formulations, one can refer to the work by Yvonnet [20] .
Application to damaged heterogeneous materials
We now proceed to present a simple isotropic damage model to describe elastic damage in some phases of the elementary volume. Emphasize that the application of the proposed method is not restricted to isotropic damage evolution problems but applicable to more complex nonlinear models. For simplicity, a scale-valued damage variable d is introduced to describe the state of isotropic material degradation. The damage is evaluated by a linear combination of the tension-and compression-related parts. Numerical implementations within the incremental-iterative scheme will also be discussed.
A simple elastic damage model
The elasticity tensor of the damaged material is simply formulated as [25] C
where C s (x) is the elasticity tensor of the material in its undamaged state and d (x) the damage field. Phenomenologically, the damage level can be related to the equivalent tensile strain. The latter is defined by
Above, ε i are the principle strains. · + is the Macaulay-type operation, i.e. for any real variable x, x + = x when x ≥ 0 and 0, otherwise.
In order to reflect the asymmetry of material strength in tension and in compression, we distinguish the traction effect and compression effect on damage evolution
Above, c t and c c represent the critical damage values respectively for tensile and compressive loadings. B t and B c are two model's parameters used to control the rate of damage evolution. Moreover, κ 0 denotes the initial threshold for damage evolution. Based on these formulations, the damage at a given equivalent strain is calculated by combining the two parts
and the weighting coefficient ξ is related to the principal stresses σ i
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It is easily seen that ξ = 1 for uniaxial tension whereas ξ = 0 for uniaxial compression.
In order to derive the tangential operator C tan (x), we can introduce the fourth-order projection tensor P + in [26] so as that the equivalent tensile ε eqt is related explicitly to the strain tensor, such that ε eqt = √ ε : P + : ε, which allows to write the stress-strain relation in its rate form.
The tangential operator C tan (x) is generally more complex than C (x), which would be an apparent disadvantage from the viewpoint of parallel programming. For the sake of simplicity, we then approximate in the present work C tan (x) by C (x) in both the finite element calculations and the proposed incremental iterations.
Implementation details
In order to guarantee a sufficient precision for both the stress and strain field, a combining error indicator is introduced, as described in Eq. (33). A tolerance value = 10 −3 has been used in all the numerical tests. Before the computation, for a chosen C 0 , we construct the strain transformation array ψ. At the end of n th loading increment, the
n (x) being assumed to be completely determined by calculating iteratively the strain increment ε n (x), implementation details for the (n + 1) th loading step are described as follows:
1. Initialize the field of the strain increment ε n+1 (x) = ε n and predict
Impose the initial values r = 0 and set = 1 -While >
Calculate the modification to
3. Update the strain increment
leading to the result
4. Determine the field of damage d n+1 (
5. Calculate the stress increments at all material grids
6. Compute the convergence indicator
-End of iterations 7. update for (n + 1) step
Numerical examples
In this part, numerical tests are performed to assess the ability of the proposed method in predicting material damage evolution in heterogeneous materials. For all the tests, the plane strain condition and periodic boundary conditions are assumed. Emphases here will be put on comparisons between the results obtained by the proposed method and those predicted by the standard finite element method. For simplicity, only damage induced by local tensile strains is taken into account, that is to say, the weighting coefficient ξ is set to be 1. Moreover, only the matrix is assumed damageable. The values of the parameters involved in the damage model are such that B t = 10, κ 0 = 0.25 and c t = 0.99. For each test, we will depict and compare the stress-strain curves and the damage configurations. The analyses presented below are strain-controlled: the total macroscopic strain is prescribed and applied incrementally on the boundary while the resulting macroscopic stress is calculated by taking the average of the local values over material grids.
A benchmark study
Let us consider a composite material in which the matrix phase is reinforced by long fibers of a same section and periodically arranged along a hexagonal array. We propose to perform some tests in the 2D context. The unit cell extracted from the structure is depicted in Figure 1 . The rectangular cell taken as the RVE is composed of a matrix phase and cylindrical inclusions. Their mechanical behaviors are assumed to be isotropic, even in damaged states for the matrix. The initial values of the elastic moduli of the matrix are such that λ mat = 1 MPa and µ mat = 1 MPa.
The width and height of the cell are denoted respectively by b and h and the radius of the circular inclusions by r, as illustrated in Figure 1 . In the present and next sections, we take b = 1.725 mm, h = 1 mm and r = 0.2 mm. The corresponding inclusion volume fraction, denoted by φ 1 is about φ 1 = 14.57%. For numerical analyses, the RVE is discretized by 138 × 80 pixels, providing material grids of the same number and each pixel serving as an element in the FE analyses . The mapping grids are such that n x × n y = 59 × 59 with its center located at a current material grid.
The RVE is subjected on its boundary to a macroscopic strain whose components areε xx = 0.5,ε yy = 0 and ε xy =ε yx = 0. To capture nonlinear behaviors of the material, the total strainε is applied incrementally by 100 steps. For each step, the strain field (local strains at material grids) is determined iteratively and the local stresses are computed by the local constitutive law.
Case of rigid inclusions
In this case, the two Lamé's constants of the rigid inclusions are taken as λ inc = 10 MPa and µ inc = 10 MPa, which means ten times of the counterpart for the matrix. As for the reference isotropic material, we chose λ 
Case of soft inclusions
For the case of soft inclusions, we take λ inc = 0.1MPa and µ inc = 0.1MPa for inclusions and accordingly, λ ref =
0.6MPa and µ ref = 0.6MPa for the reference isotropic material. The stress-strain curves predicted by the FEM and the present method are reported and compared in Figure 4 . We notice a slight difference between the two methods for the considered size of inclusions. The diagrams of damage distribution reported in Figure 5 may explain to some extent the source of this difference. It is seen that damage coalescence predicted by the FEM is earlier than that by the present method. On this aspect, further investigations particularly on mesh dependence are still required. 
Tests with inclusions randomly distributed in the matrix
In the second series of numerical tests, the RVE is still of the dimensions b × h = 1.725 mm×1 mm and uniformly discretized by 138 × 80 pixels. The composite is now composed of the matrix phase and 25 randomly distributed circular inclusions. For simplicity, all the inclusions have the same radius r = 0.04 mm, as shown in Figure 6 . In this case, the volume fraction of the inclusions is such that φ 2 = 0.5φ 1 . The same testing conditions described in Section 4.1 are adopted.
For the case of soft inclusions, the stress-strain curves predicted by the FEM and the SLS method are depicted and compared in Figure 7 . The diagrams of damage distribution atε 11 = 0.4 are reported in Figure 8 . Again, there is a very good agreement between the two methods for both the global response and the damage distribution. For the case of rigid inclusions, the mechanical responses is presented in Figure 9 and the damage distributions in 10. The same conclusions as those in the case of soft inclusions can be drawn, which confirms the predictive capacity of the proposed incremental-iterative scheme. 
Damage modelling based on microtomographic data
The last numerical tests are devoted to simulating the mechanical behaviors of a concrete sample whose microstructure and material properties in its undamaged state are obtained by microtomography. The material mainly consists of three phases: the cement-based matrix, aggregates and the voids, as described in Figure 11 . According to experimental data, the aggregates are forty times stiffer than the matrix. Since the objective here is to assess the predicting ability of the incremental-iterative method, we still take λ mat = 1MPa and µ mat = 1MPa for the matrix and thus λ inc = 40MPa and µ inc = 40MPa for the aggregates. To avoid numerical difficulties related to the system of linear equations in FEM analysis, we used a small value for the elastic constants of voids such that λ void = 10 −3 MPa and
Microtomographic data is stored as a 150×125×151 array. We take here the 75th slice as the material and structure to be modeled. Thus, the rectangular cell contains 150 × 125 material grids. The curves of the global stress versus global strain is reported and compared in Figure 12 . It is seen that the results predicted by the FEM and the proposed method coincides quite well with each other in the pre-peak phase and at the peak stress. In the post-peak phase, the SLS method provides a more pronounced strain softening behavior. The diagrams of damage distribution at three loading steps are presented in Figure 13 for the SLS-based method and Figure 14 for the FE analyses. Comparisons between the two methods are quite satisfactory. It is noted that damage nucleates at aggregates' corners because stress concentration there is more pronounced and the saturation of the damage criterion is more earlier. As the tensile load is increased progressively, the propagation and coalescence of diffuse damage is also predicted correctly.
We are then concerned with the influence of the choice of material slices on the mechanical behaviors. To this end, five levels of material grids are taken into account, each level providing a specific material microstructure. Next, the proposed incremental-iterative method is applied to each set of material grids. The results are plotted and compared in Figure 15 . It is seen that although the five material cases lead to a globally stable mechanical response, more or less perturbations are captured in all the phases. It means that the size of the testing samples is not big enough to be taken as a representative elementary volume of the concrete under study.
Discussions on the choice on reference materials
Numerical experiences have evidenced that the reference material plays a critical role in the FFT-based and SLSbased computations. According to Michel et al. [21] , for the isotropic linear elastic reference medium C 0 , a sufficient condition to ensure numerical convergence is such that
where k re f and µ re f denote the bulk and shear moduli of the reference material, respectively.
In the present framework, some phases of heterogeneous materials will experience increasing damage and the relevant elastic moduli will be degraded. We are now interested in testing the effect of material degradation on the 
Computational efficiency of the proposed method
We now evaluate computational efficiency of the proposed incremental iterative scheme by comparing with the standard finite element method. The iterative scheme is designed particularly for voxel-based numerical simulations in which a large number of material grids issued from image processing can be envisaged. At this stage, microtomographic data available to the authors with the finest material grids are of dimensions 600 × 500 × 500, from which is extracted the information on material grids located at the 300th slices. When each pixel where one material grid is located is converted to a 4-node element for FE analyses, there is a total of 601 × 501 nodes and 601 × 501 × 2 degrees of freedom in 2D purely elastic context. It is pointed out that the associated system stiffness matrix is symmetric but not positively definite due to Lagrange multipliers introduced to account for periodic boundary conditions. To solve such a system of equations, e.g. using MATLAB R , the choice of suitable solvers is very limited. We adopt here the "symmlq" and "minres" solvers.
The proposed SLS-based iterative scheme has been parallelized. Since nonuniform damage may nucleate and propagate progressively during loading, the iteration number will vary for each strain increment. The tests are preformed on a PC station of 8 CPU cores. Each iteration costs about 6 seconds and the total time spent for one strain increment varies from 18 minutes to 20 minutes. The numerical results by the SLS-based incremental-iterative method are presented in Figure 18 . As for the FE analyses with the "minres" solver, the resolution of the system equation takes about 150 minutes to converge to a relatively big tolerance 10 −6 , and in the nonlinear phase, one loading increment usually needs 4 iterations to converge to the prescribed global tolerance = 10 −3 . In the same setting, the "symmlq" solver has shown worse efficiency than the "minres" solver. In summary, the proposed iterative scheme shows a very good efficiency: the incremental-iterative method is more than 20 times faster than the finite element method and this ratio will increase with the number of pixels (grid points).
Conclusions
An increment-enhanced iterative scheme based on the Lippmann-Schwinger and operating in the real space has been proposed in the present work for simulating damage evolution in quasi-brittle microstructures described by voxel has been shown to be very accurate and particularly efficient for large problems.
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